Abstract. We study special cycles on a Shimura variety of orthogonal type over a totally real field of degree d associated with a quadratic form in n`2 variables whose signature is pn, 2q at e real places and pn`2, 0q at the remaining d´e real places for 1 ď e ă d. These cycles were constructed by Rosu-Yott and they proved that the generating series of special cycles in the cohomology group is a Hilbert-Siegel modular form of half integral weight. We prove that, assuming the Beilinson-Bloch conjecture on the injectivity of the higher Abel-Jacobi map, the generating series of special cycles of codimension er in the Chow group is a Hilbert-Siegel modular form of genus r and weight 1`n{2. Our result is a generalization of Kudla's modularity conjecture, solved by Yuan-Zhang-Zhang unconditionally when e " 1.
Introduction
In this paper, we prove that, assuming the Beilinson-Bloch conjecture on the injectivity of the higher Abel-Jacobi map, the generating series of special cycles in the Chow groups of a Shimura variety of orthogonal type is a Hilbert-Siegel modular form of half integral weight. These cycles were constructed by Rosu-Yott in [18] .
Historically, Kudla and Millson studied the cohomology groups in [12] . Kudla conjectured the modularity of the generating series of special cycles in the Chow groups in [16] and he proved it for codimension-1 Chow cycles, using the results of Borcherds [5] . This conjecture is often called Kudla's modularity conjecture. In his thesis [22] , Wei Zhang proved it for higher codimensional Chow cycles on Shimura varieties of orthogonal type associated with a quadratic form of signature pn, 2q over Q by his modularity criterion. His criterion works only over Q because its proof depends on the results of Borcherds [4] . Yuan-Zhang-Zhang [21] extended Wei Zhang's results [22] to totally real fields. Their proof is similar to Wei Zhang's proof over Q in view of using induction on the codimension of Chow cycles and calculating element-wise modularity.
Recently, in [18] , Rosu-Yott generalized Kudla-Millson's work by changing the signature of the quadratic form. They studied special cycles in the cohomology groups only, so they did not generalize Yuan-Zhang-Zhang's work. In this paper, we shall generalize the results of Yuan-Zhang-Zhang [21] and Rosu-Yott [18] under the Beilinson-Bloch conjecture. More precisely, in the same setting as [18] and assuming the BeilinsonBloch conjecture on the injectivity of the higher Abel-Jacobi map, we prove the modularity of the generating series of special cycles in the Chow groups.
1.1. Special cycles on Shimura varieties of orthogonal type. Before giving the statement of our results, we briefly recall the setting of Rosu-Yott [18] and the definition of special cycles.
Let d and e be positive integers satisfying 1 ď e ă d. Let F be a totally real field of degree d with real embeddings σ 1 , . . . , σ d . Let V be a non-degenerate quadratic space of dimension n`2 over F whose signature is pn, 2q at σ 1 , . . . , σ e and pn`2, 0q at σ e`1 , . . . , σ d . We put V σ i ,C :" V b F,σ i C and PpV σ i ,C q :" pV σ i ,C zt0uq{Cˆ. Let D i Ă PpV σ i ,C q be the Hermitian symmetric domain defined as follows:
We put D :" D 1ˆ¨¨¨ˆDe . Let GSpinpV q be the general spin group of V over F , which is a connected reductive group over F . We put G :" Res F {Q GSpinpV q and consider the Shimura varieties associated with pG, Dq. Then, for any open compact subgroup K f Ă GpA f q, the Shimura datum (G,D) gives a Shimura variety M K f over C, whose C-valued points are given as follows:
Here A f is the ring of finite adèles of Q. We remark that M K f has a canonical model over a number field called the reflex field. Hence M K f is canonically defined over Q. In this paper, Q is an algebraic closure of Q embedded in C. By abuse of notation, in this paper, the canonical model of M K f over Q is also denoted by the same symbol M K f . Then the Shimura variety M K f is a projective variety over Q since 1 ď e ă d. It is a smooth variety over Q if K f is sufficiently small.
For i " 1, . . . , e, let L i P PicpD i q be the line bundle which is the restriction of O PpV σ i ,C q p´1q to D i . By pulling back to D, we get pi L i P PicpDq, where p i : D Ñ D i are the projection maps. These line bundles descend to
We shall define special cycles following Kudla [13] and Rosu-Yott [18] . Let W Ă V be a totally positive subspace over F . We denote G W :" Res F {Q GSpinpW K q. Let D W :" D W,1ˆ¨¨¨ˆDW,e be the Hermitian symmetric domain associated to G W , where D W,i :" tw P D i | @v P W σ i , xv, wy " 0u p1 ď i ď eq. Then we have an embedding of Shimura data pG W , D W q ãÑ pG, Dq. For any open compact subgroup K f Ă GpA f q and g P GpA f q, we have an associated Shimura variety M gK f g´1,W over C:
Assume that K f is sufficiently small so that the following morphism
is a closed embedding. Let ZpW, gq K f be the image of this morphism. We consider ZpW, gq K f as an algebraic cycle of codimension epn`2´dim F W q on M K f defined over Q. For any positive integer r and x " px 1 , . . . , x r q P V r , let Upxq be the F -subspace of V spanned by x 1 , . . . , x r . We define the special cycle in the Chow group 
Here G x Ă G is the stabilizer of x, H r is the Siegel upper half plane of genus r, T pxq is the moment matrix 1 2 ppx i , x ji,j , and
For a C-linear map ℓ :
which is a formal power series with complex coefficients in the variable τ P pH r q Our main reference is [1] . More generally, the Beilinson-Bloch conjecture is formulated in the theory of mixed motives, but we do not need the full version and need only a part of it for smooth projective varieties over number fields. We recommend [11] to the readers who want to know the Beilinson-Bloch conjecture in the theory of mixed motives.
In this subsection, let k be a field of characteristic 0 embedded in C. Let X be a smooth projective variety over k. Let
be the cycle map. We put CH We recall another conjecture which is also considered as a part of the Beilinson-Bloch conjecture. By Hodge theory, we have the Hodge decomposition
where H p,q :" H q pX, Ω p q and a Hodge filtration
on H m is defined by
The the m-th intermediate Jacobian of X (or the Griffiths Jacobian of X ) is defined by
Then we have the m-th higher Abel-Jacobi map:
Here we can state another conjecture which is a part of version of the Beilinson-Bloch conjecture. (1) If ℓ : CH er pM K f q C Ñ C is a linear map over C such that ℓpZ φ f qpτ q is absolutely convergent, then ℓpZ φ f qpτ q defines a Hilbert-Siegel modular form of genus r and weight 1`n{2. (2) If r " 1, for any linear map ℓ : CH e pM K f q C Ñ C, the formal power series ℓpZ φ f qpτ q is absolutely convergent and we get a Hilbert modular form of weight 1`n{2.
If ℓ factors through a linear map ℓ 1 : (2) were proved unconditionally by Rosu-Yott [18] .
When e " 1, we recover the results of Yuan-Zhang-Zhang [21] . (Note that Conjecture 1.3 is true when m " 1. See Remark 1.4.) This case is called Kudla's modularity conjecture, stated by Kudla in [16] and proved by Yuan-Zhang-Zhang in [21] . Remark 1.6. We do not know for which linear map ℓ : CH er pM K f q C Ñ C, the generating series ℓpZ φ f qpτ q is absolutely convergent. When r " 1, assuming Conjecture 1.3, we know that ℓpZ φ f qpτ q is absolutely convergent for any ℓ. When F " Q and d " e " 1, Bruinier and Westerholt-Raum proved that ℓpZ φ f qpτ q is absolutely convergent for any ℓ [6].
1.4.
Outline of the proof of Theorem 1.5. We follow the strategy of Yuan-ZhangZhang [21] . First, we prove Theorem 1.5 (2) and deduce Theorem 1.5 (1) from Theorem 1.5 (2) . We shall use the intersection formula [21, Proposition 2.6] and the pull-back formula [21, Proposition 3.1] in the proof of Theorem 1.5.
To prove Theorem 1.5 (2), we calculate the cohomology of the Shimura variety M K f . By the Matsushima formula, we conclude
Since we are assuming Conjecture 1.3 holds for M K f and m " e, the cycle map tensored with C cl
We can deduce Theorem 1.5 (2) from the results of Rosu-Yott [18] .
When r ě 2, we prove Theorem 1.5 (1) by induction on r. We put J :"ˆ0´1 r 1 r 0˙P GL 2r pF q. The symplectic group Sp 2r pF q :"
is generated by the Siegel parabolic subgroup P pF q and an element w 1 P Sp 2r pF q. Here 
We consider a function Z φ f pg 1 q on the metaplectic group Mp 2r pA F q which is a lift of Z φ f pτ q. It suffices to prove that the function Z φ f pg 1 q is invariant under the action of P pF q and w 1 . A direct calculation shows the invariance under the action of an element of P pF q. To prove the invariance under w 1 , we use the Poisson summation formula to reduce to the case r " 1.
1.5. Outline of this paper. In Section 2, we recall some facts about special cycles and Weil representations. In Section 3, we calculate the cohomology of a Shimura variety and prove Theorem 1.5 (2) . In Section 4, we complete a proof of Theorem 1.5.
Special cycles and Weil representations
In this section, we recall and extend some properties of special cycles in Chow groups. We also note about Weil representations since in the proof of Theorem 1.5, we use the function on Mp 2r pA F q, the metaplectic double cover of Sp 2r pA F q, lifting Z φ f pτ q. For more details, see [21] .
We say W is admissible if the restriction of the inner product to W is F -valued and totally positive. We say an element x " px 1 , . . . , x r q P p V r is admissible if the F -subspace of p V spanned by x 1 , . . . , x r is admissible. The following lemma shows admissibility is useful for description of special cycles. 
By [21, Proposition 2.2], the scheme-theoretic intersection of two cycles ZpW 1 q K f and ZpW 2 q K f is the union of ZpW q indexed by admissible classes W in
We shall investigate the intersection of two cycles in the Chow group. Proposition 2.2. Let ω K f be a canonical bundle on M K f . Then, for sufficiently small K f , we have a canonical isomorphism:
Proof. It suffices to prove the assertion at each real place. 
Proof. See the proof of [21, Proposition 2.6].
2.2.
The pull-back formula. Here we study the behavior of special cycles under the pull-back map. Let W Ă V be a totally positive F -vector subspace. There exists a natural morphism
is a closed embedding if K f is sufficiently small. Therefore we get a pull-back map of Chow groups:
For a Bruhat-Schwartz function φ 2,f P Spp y W K q r q, the theta function is defined by QzA Ñ Cp
where x v is the class of x v in Q p {Z p . Let W be a symplectic vector space of dimension 2r over F . We consider a reductive dual pair p O pV q, SppWin SppV b F W q. Then we get a Weil representation ω which is the action of Mp 2r pA F qˆOpV pA Fon SpV pA F q r q. Let ω 8 , ω f , and ω A the action of Mp 2r pF 8 q on SpV pF 8 q r q, Mp 2r pA F,f q on SpV pA F,f q r q, and Mp 2r pA F q on SpV pA F q r q, respectively. Here we put F 8 :" F b Q R -ś d i"1 R. Now, we introduce the Whittaker function. We shall use the same notation as in [13] . Let pV`, p, q`q be a positive definite quadratic space of dimension m over R. Let ϕ`P SpV r q be the Gaussian defined by ϕ`pxq :" expp´πppx 1 , x 1 q``¨¨¨`px r , x r q`qq px " px 1 , . . . , x r q P V r q.
The function ϕ`is an eigenvector with respect to the Weil representation ω 8 :
For a symmetric matrix T P Sym r pRq of size rˆr, we take an element x P V r satisfying 1 2 px, xq`" T . For g 8 P Mp 2r pRq, we define the Whittaker function by
For T P Sym r pF q and
Mp 2r pRq,
By the Fourier expansion, we consider Z φ f pg 1 q as a formal power series with coefficients in CH er pM K f q C . Therefore, the modularity of the generating series Z φ f pτ q is equivalent to the left Sp 2r pF q-invariance of the function Z φ f pg 1 q on Mp 2r pA F q.
Proof of Theorem 1.5 (2)
In this section, we shall prove Theorem 1.5 (2) assuming Conjecture 1.3.
3.1. Cohomology of Shimura varieties of orthogonal type. In this subsection, we shall prove if n ě 3, then
Recall that we have
where X Γ " ΓzD and Γ is a cocompact congruence subgroup of
Here SO 0 pV b Q Rq, SO 0 pn, 2q denote the identity components of SOpV b Q Rq, SOpn, 2q, respectively. Therefore, it is enough to show H 2e´1 pX Γ , Cq " 0. We put G 1 :" Res F {Q pV q and g 1 :" pLie G 1 q b R C. We put
By the Matsushima formula, we can write the cohomology of X Γ as follows:
Here { G 1 pRq is the set of irreducible unitary representations of G 1 pRq, Int Γ pπq is the one appearing in the decomposition
Since π is an irreducible unitary representation, π decomposes as π -p b
Then by the Künneth formula [3, Section 1.3], we have
; π i q " 0 for any j ě 1 since SOpn`2q is compact. Therefore (3.1) can be written as follows:
Lemma 3.1. Assume n ě 3. For 1 ď i ď e, if π i is non-trivial, then we have
Proof. See [19, Theorem 8.1] and the Kumaresan vanishing theorem [17, Section 3] .
In the rest of this subsection, we assume n ě 3. Then, by Lemma 3.1, we can write (3.2) as follows:
Here we need the following lemma. Then (3.3) becomes as follows:
Finally by [2, Section 5.10], for 1 ď i ď e, we have H s pg
Combining the above results, we get the following theorem.
Theorem 3.3. Assume n ě 3. Then we have 
3.2. Proof of Theorem 1.5 (2) . We now prove Theorem 1.5 (2). If n ě 3, by Corollary 3.4, the assertion follows from the results of Rosu-Yott [18] . If n ď 2, we take a totally positive quadratic space W of dimension ě 3 over F . We embed V into V ' W . For any K f -invariant Bruhat-Schwartz functions φ f P Sp p V q and φ 1 f P Sp x W q, using the pull-back formula (Proposition 2.4), we get
for any g 1 P Mp 2 pA F q. Since Z φ f bφ 1 f pg 1 q and θ φ 1 f pg 1 q are absolutely convergent and left SL 2 pF q-invariant, we conclude that Z φ f pg 1 q is absolutely convergent and left SL 2 pF qinvariant.
The proof of Theorem 1.5 (2) is complete.
Proof of Theorem 1.5 (1)
In this section, we shall complete the proof of Theorem 1.5 (1), we employ the same plan as in [21] .
4.1.
Invariance under the Siegel parabolic subgroup. For a P GL r pF q and u P Sym r pF q, we put mpaq :"ˆa 0 0
The elements mpaq and npuq generate the Siegel parabolic subgroup P pF q Ă Sp 2r pF q. For T P Sym r pRq, the Whittaker function satisfies the following formula:
where τ i " s i`i t i t t i . By [14, Part I, Section 1], npuq acts as follows:
Thus, we have
Therefore, we have the term-wise invariance under npuq: On the other hand. we have Upxq " Upxaq, so Z φ f pxq " Z φ f pxaq. Therefore, combining the above calculation and the fact Z φ f pxq " Z φ f pxaq, we conclude that
This shows Z φ f pg 1 q is invariant under the action of the Siegel parabolic subgroup P pF q. which coincides with the definition of Z φ f pg 1 q. Therefore, we get
This shows the function Z φ f pg 1 q is invariant under w 1 . The proof of Theorem 1.5 is complete.
